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ABSTRACT

Consider the two natural representations of the symmetric group S» on the
group algebra C[Sy]: the regular representation and the conjugacy repre-
sentation (acting on the basis by conjugation). Let m(A) be the multi-
plicity of the irreducible representation S in the conjugacy representation
and let f* be the multiplicity of S* in the regular representation. By the
character estimates of [R1] and [Wa] we prove

(1) For any 1 > € > 0 there exist 0 < 6(5) a.nd N(e) such that, for any

partition ) of n > N{e) with max{2L } < b(¢),

n’n

l-e< ()<1+e

where A1 is the size of the largest part in A and \] is the number of

parts in .
(2) For any fixed 1 > r > 0 and ¢ > 0 there exist k = k(e, r) and N(e T)
such that, for any partition A of n > N(e,r) with ma.x{ } <r,

4 m(/\)

where A is a constant which depends only on the fractions

A1 A M AL
:,...,7,;—,...,—;‘
This strengthens Adin-Frumkin’s result [AF] and answers a ques-
tion of Stanley [St)].
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Introduction
There are two natural representations of any finite group G on the group alge-

bra C[G] = {3 cq ag9lag € C}: the regular representation and the conjugacy
representation. The (left) regular representation p is defined by (left) multi-

plication
h)- Z agg = Z aghg.
geG 9€G

The conjugacy representation v is defined by conjugation

h)- Z agg = Z aghgh™*.

geqG geG

Adin and Frumkin [AF] proved that in the case of the symmetric groups
the corresponding characters are close. More precisely, the quotient of the
norms of the regular character and the conjugacy character and the cosine of the
angle between them tend to 1 when n tends to infinity. This implies that these
representations bave essentially the same decomposition.

Stanley suggested to apply the upper bound of [R1] for the study of the mul-
tiplicities of specific representations. This suggestion is based on the observation
that the multiplicities of the irreducible representations in the conjugacy repre-
sentation of any finite group are sums of characters. Combining the upper bound
of [R1] and Wasserman’s asymptotic formula [Wa] we obtain

THEOREM 2.1: Let m(\) be the multiplicity of the irreducible representation
S* in the conjugacy representation, and let f* be the multiplicity of S* in the
regular representation.

For any 1 > ¢ > 0 there exist 0 < 6(e) and N(g) such that, for any partition A
ofn > N(eg) W1thmax{n, - } < 6(g),

()

l-e<——~<1+4c¢

where Ay is the size of the largest part in A and )| is the number of parts in .

If max{ L, } is bounded away from 1, then the multiplicity of S* in the

conjugacy representation is proportional to f* as the next theorem shows.
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THEOREM 2.2: Let m()\) and f* be as in the above Theorem. For any fixed
1>7r >0 ande > 0 there exist k = k(a r) and N(e,r) such that, for any

partition A of n > N(e,r) with max{2%, 21 =3
m(\
oo™
f
where A is a constant which depends only on the fractions inl, ceny ’\7’1, %Il, R ’\7’“,

but not necessarily equals 1.

If max{2, ﬁnll} is not bounded away from 1 then the fraction m())/f* may

tend to infinity.

1. Preliminaries

1.1. THE CONJUGACY REPRESENTATION OF FINITE GROUPS. The study of
the conjugacy representation begins with Frame [Fr]. The following elementary
approach is due to Solomon [So] .

Let G be a finite group and let p be an irreducible representation. The multi-
plicity of p in a representation ¢, m(p, ¢), is given by

p9) =i Z X*(9)x
9€G

where x?(g)* is the complex conjugate of x#(g). See [Se] 2.3
Let 1 be the conjugacy representation of G. Then

|Gl
IC(9)]

where Cy is the centralizer of ¢ and C(g) is the conjugacy class in G

X’ (9) =G| =

containing g.
So,

py) = Zx” GZXP ——' =3 x*(
gEG | IgeG ( C

where the last sum runs over all conjugacy classes C in G.
We conclude
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LEMMA 1.1 ([So}): For every finite group G and every irreducible representation
p of G, the multiplicity of p in the conjugacy representation of G is ) - x*(C).

This implies the following well known corollary

COROLLARY: For every finite group G and every irreducible representation p of
G the sum ) x"(C) is a nonnegative integer.

The following open problem is natural.

AN oPEN PROBLEM (Roth [Rt] — Saxl [Sa]): For which finite groups is the sum
Y ¢ x*(C) a positive integer for all irreducible representations ? (in other words,
all irreducible representations appear in the conjugacy representation).

For partial solutions see [Fo], [K] and [L2].

A positive answer to this problem gives rise to the question whether the
decompositions of the conjugacy representation and the regular representation
are similar.

In [F] Frumkin proved that all irreducible representations appear in the con-
jugacy representation of the symmetric groups. See also [Sc] and [L1]. Adin and
Frumkin [AF] proved that furthermore the regular representation and the conju-
gacy representation have essentially the same decomposition. Here we strengthen
this result by considering Solomon’s approach and applying recent estimates of

characters.

1.2. CHARACTERS OF THE SYMMETRIC GROUPS. Let n be a positive integer.
The partitions of n are designated by A = (A1, Az,...,Ax) where A <--- < Ay <
A; are positive integers with n = Ay + -+ + Ag.

For a partition A = (Ay,...,A;) define the conjugate partition
A = (M,...,Al,) by choosing A, to be the number of parts of A that are > i.

Let S,, be the symmetric group on n letters. Every partition A of n has
an associated irreducible representation S* of S, over C. Moreover, the set
{S*| A a partition of n} forms the complete list of irreducible representations of
Sy, over C.

Let f* be the degree (= dimension) of S*, x*(C) the character of S* at a
conjugacy class C, and r*(C) the normalized character of S* at C, i.e. %f—"l
Note that the multiplicity of S* in the regular representation is f*.

Let C be a conjugacy class in S,. It is well known that C consists of all

permutations with the same cycle structure. The order of the support of C,
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supp(C), is the number of non-fixed digits under the action of a permutation
in C.

In [R1] we prove the following upper bound for the normalized characters of
S, at any conjugacy class C.
THEOREM 1.2: There exist constants b > 0 and 1 > ¢ > 0, such that for n > 4,
for every conjugacy class C in the symmetric group Sy, and for every irreducible

’ b-supp(C)
A < (max {32, 20}

n

representation S*,

where supp{C) is the order of the support of C, ), is the size of the largest part
of )\, and X} is the number of parts in A.

The following is an asymptotic formula for normalized characters of conjugacy
classes with a bounded support. This result is due to Wasserman [Wa] and
explained (and applied) in [FOW].

THEOREM 1.3: Let m be a fixed positive integer, and let © be a permutation in
S with vo 2-cycles, v3 3-cycles, etc.: m may be considered as an element of S,
for n > m. Let X be a partition of n and set

Chi—it 3 X—i+2

o=——=2, fBi=—"——2 and d=max{i|\—-i>0}
n n

(i.e. length of the main diagonal in the Young diagram of \). Then

P =] (i["‘? ) (_ﬂ"m)% wo(a)

p>2 \i=1

where the constant in 0(;11—) depends only on .

Let h;; be the length of the (7, j)-hook in the Young diagram of A. Obviously,
d
hij=X—i+XN—j+1 and Y hy=Hh,
=1

where d is the length of the main diagonal in this Young diagram. The following
elementary fact follows:

Fact 1.4:
d d . 1 ’ . 1 d
Ai—i+3 A —-i+3 1
Z(ai+ﬂi)=2(1 n 24 = - 2)=HZhii=1.
=1 =1 i=1

This fact will be useful in the proof of Theorem 2.2.
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2. Proofs

In this section we prove Theorems 2.1 and 2.2. We make no attempt to optimize
the constants for which they hold.

THEOREM 2.1: Let m(A) be the multiplicity of the irreducible representation
S* in the conjugacy representation, and let f* be the multiplicity of S* in the
regular representation.

For any 1 > ¢ > 0 there exist 0 < 6(¢) and N(e) such that, for any partition A
of n > N(e) with max{2: iIL} < é(e),

n’n

1-¢e< % <l+e.
Proof: Let P, be the number of partitions of n. A classical result of Hardy
and Ramanujan shows that there exists a constant ¢ > 1 such that eV > P,
for every n. See [A] (5.1.2). The bijection between the conjugacy classes of S,
and the partitions of n (given by the cycle structure) implies that the number of
conjugacy classes with support of order s is not more than P,; so, less than Ve,

Let 1 > ¢ >0 and let

1 € 2
6:6(€)=@(2+5> ’

Let 0 < ¢ < 1 and 0 < b be the constants that appear in Theorem 1.2 and let sq
be the minimal positive integer so that

Z c¢V®(max{6,q})* < g
s=sg+1

Lemma 1.1 implies that for every irreducible representation S* of S,
Im(\) = £1=1D_x*C) - £
c
=) xMO)

C#id
< Y KOOI+ Y Ko
supp(C)>s0 0<supp(C)<so

where the sums run over all conjugacy classes C in S,, with the prescribed

restrictions.
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It follows from Theorem 1.2 that

Soron=2 Y, Mo

supp(C)>sg supp(C)>so
n b-s
A M
Sf)" Z Ps (max{_lv—17q}>
n n
s=sp+1
n ; b-s
<y e (mw{ﬁ,ﬁ,qb :
n n
s=8g9+1

" . A A
So, for a partition A with max{+, 2L} <6,

2 hA@I<st 3 oV (max{éan)”

supp(C)>se s=s0+1

By the definition of so this upper bound is less than §f A,
Let C be a conjugacy class in S, with support < sq and +, cycles of length p.
Theorem 1.3 shows that

) =] (Xd:[af - (‘ﬂi)p]) o G)

p22 \i=1

where . )
Ai—i+ 3 X —i+2
a; = _’—__2, Bi= 22
n n
and the constant in O(%) depends only on C.

For every partition A of n with max{ink, inl} < 8 and every p > 2,

et -3 () (2))
() sk (1) s

< 26P7L,

By definition of the support, for every conjugacy class C,

C
271’ p=supp(C) and Z'yp_%

p22 p22
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Hence, for every conjugacy class C with support < sg

erarofd) o (o}

p22

< (28)9PO)/2 4 (;1;) .

The constant in O(%) depends only on the conjugacy class C and the number of
conjugacy classes with supp(C) < sg is bounded. Hence,

Y. ol=£ Y IO

0<supp(C)<so 0<supp(C)<se

< fr- ESO:PS(%)S” +0 (%)

s=1

<Py @n 40 (3)

s=1

< i(zacz)sﬂ +0 (;11-) :
s=1

2
Recall that § was chosen to be 2—i; (ﬁg) . So, for sufficiently large n the above
upper bound is less than £ f 2. This completes the proof. 1

Note that for large n, most irreducible representations of S, satisfy the
conditions of Theorem 2.1. The following is a complementary theorem for
other representations.

THEOREM 2.2: Let m(A) be the multiplicity of the irreducible representation
S* in the conjugacy representation, and let f* be the multiplicity of S* in the
regular representation.

For any fixed 1 > r > 0 and € > 0 there exist k = k(e,r) and N(e,r) such
that, for any partition X of n > N(e,r) with max{2% &} <r,

n'n
m{\
A-e< ») <A+e
2
! 1
where A is a constant which depends only on the fractions ﬁnl, ceey i\;lh, :}f’ ceey -’\;f

Proof: Let c and ¢ be as in the previous proof, and s be the minimal positive
integer so that 3707 ., ¢v*(max{r, g% < /2.
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The calculations carried out in the previous proof show that
€
LIRS b D DI M ES VD DI (SRS >
0<supp(C)<so supp(C)>so
Therefore, it suffices to prove that there exists a constant B = A — 1 so that
€
1 Me)-B| < <.
1) > P©)-B|<S
0<supp(C)<so
According to Theorem 1.3
1
S ro- % (T(Ser-can) o)
0<supp(C)<so 0<supp(C)<so \p22
where the constant in O(%) depends only on the conjugacy classes. The sum

runs over a bounded number of conjugacy classes. Thus

@ Y o=

0<supp(C)<so

2

0<supp(C)<so

I1

p>2

(e

where the constant in O(L) depends only on so.

For any partition A and any k, max{Ax, A} } < %. Hence for d > k and p > 2,

k
-3 le? - (=47

=1

d

< D (@4 <

i=k+1

2 < 2
— 1)kp—1 = fp—1°

(p

For any partition A, all o;’s and §;’s are nonnegative fractions and by Fact 1.4

¢ (ai+B)=1. So,forp>2, |
B; = 0 for ¢ > d. We obtain for any d

Zle[af —(=B:;)?]] £ 1. Let a; = 0 and
and k

d
[1Q le? - (=87

p>2 i=1

<1l

p>2

=2 1I

11,000yt P22

(i)l -

(Z[a - (=B)F1+

TP
=
2

—B:)P] (EI—’:T

)'Yp“ip
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H[a — (=8P + Z H(7p)[a (pP (kp2_1>v,,—ip

p>2 35,5577 p22
Tr—ip
p
SH[O‘ Z H()(w—)
p>2 33 11 #7; P22
k Yp
< I {2 lef = (=4:)] +H( + 1) -5
p22 \i p>2

=1
Y4, = supp(C) < sp. So, for 2/k <1,

2\ 2\ °° > 750\ /2\° 2. /3o 2s0+1
1< — -1< - < - <
() 1< (05) 2<2(0) () <in(0) <5

and 4 s k " setl
H (Z[ap - (_ﬂz)p]) < H (Z[af - (_,Bl)p]> + k
p>2 \i=1 p>2 \i=
Similarly,
k T 230+1 d Yp
Il (Z[af - (—mm) St (Z[af : (—@-)P]) ‘
p>2 \i=1 p22 \i=1

The number of the conjugacy classes in (2) is bounded. We conclude

S 10 (zw—< 5 n)

O0<supp{C)<sp p>2

- X H(Z ﬂz)”]>%=o(%>,

0<supp(C)<sg p22 1

(3)

where the constant in O(%) depends only on so.
On the other hand

IA
i
—
N

&

+
3| e
SNe—

]

I

I

S

+
TN

»
Se—’

|

D

S
—_
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Hence (by calculations as above)

I (% [(3)

([~ (3)))
O<supp(C)<so p>2 \i=1 n

(4) - ¥ g(z[f _B p])%

0<supp(C)< =1
2
<o(%)
n
where the constant in O(k?/n) depends only on sq.

Combining (1)—(4), and setting k = (1/¢) and N(e,r) = Q(k?/c), where the
constants in 2 depend only on sg, we are done with

A= A(’\l -A-’i M ﬁ)

n n’'n’ n

LB IE-C)

The proof implies that the constant A is not necessarily equal to 1. We con-
clude that if max{A;,A}} is proportional to n, then the multiplicity m(}\) is
proportional to f* but not necessarily “close” to f>.

If max{ﬁnl, %IL} is not bounded away from 1, then Theorem 2.2 does not hold
and the multiplicity is not sufficiently proportional to f*. (For example, the
multiplicity of the trivial representation equals the number of conjugacy classes.)
We leave this case open.
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